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MAHANI, ABU ‘ABD-ALLAH
MOHAMMAD

MAHANI, ABU ‘ABD-ALLAH MOHAMMAD ([l senes dlucsl) b. Isa,
mathematician and astronomer who flourished in the second half of the 9th
century (fl. ca. 246/860). His name indicates that either he or his ancestors
were originally from Mahan, a town in the province of Kerman. The only
information we have regarding the period in which he lived comes from the
Egyptian astronomer Abu’l-Hasan ‘Ali b. Yunos (d. 399/1008), who describes in
the Hakemite Tables a series of astronomical observations made by Mahani
that spanned thirteen years, from Ramazan 239/February 854 to Du’l-qa‘da
252/November 866 (Caussin de Perceval, 1804, pp. 99, 101-13, 164-66).
According to Ebn al-Nadim, Mahani was a learned arithmetician and geometer
(men olama’ al-ashab al-a'dad wa’l-mohandesin); Qefti adds that his merit was
generally recognized among his peers, and that he lived in Baghdad (Ebn al-
Nadim, ed. Flugel, I, p. 271; Qefti, ed. Lippert and Miiller, 1903, p. 284).

Extant works. Three works of Mahani have come down to us: the treatise on
the difficulty concerning ratio (Resala fi’l-moskel men amr al-nesba); the
commentary on the tenth book of Euclid’s work (Tafsir al-maqala al-'asera men
ketab Oqlides); and the treatise on the knowledge of the azimuth at any time
and in any place (Magqala fi marefat al-samt le ayya sa‘a aradta wa fi ayya
mawze‘ aradta).

The Treatise on ratio. Euclid (Oqlides) had expounded in book V of the
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Elements the theory of proportion applicable to every kind of magnitude.

Definitions V.5 and V.7 provided criteria for the equality and inequality of
ratios between magnitudes, which in each case involved a comparison of
certain equimultiples of the magnitudes. These definitions, notably because of
the difficulties involved in understanding them, gave rise to many
commentaries. In some of these commentaries, Definitions V.5 and V.7 were
replaced by alternate definitions, the so-called “anthyphairetic” definitions of
equal and greater ratio, which had recourse to a process usually known as the
Euclidean algorithm, but which some historians also call “anthyphairesis”
after a Greek word meaning “reciprocal subtraction” (for more details see
“Concepts of ratio and proportionality” in “KHAYYAM, OMAR vi. As
Mathematician”). In his treatise on ratio, the first mathematical text in which
the anthyphairetic definitions are explicitly mentioned, Mahani proves that
these definitions are in fact equivalent to the corresponding Euclidean
definitions.

The treatise begins with a laconic introduction, in which Mahani explains that
he intends to prove Euclid’s Definitions V.5 and V.7, following a directive of
Tabet b. Qorra (211-88/826-901), namely, that “the science of the ratio of
magnitudes and their proportionality according to the rules is something one
will be able to attend to by starting from the knowledge of ratio according to
the numerical way, then from the propositions which are in the beginning of
the tenth Book” (Resala fi’l-moskel, ed. and tr. Vahabzadeh, 2002, p. 31). This is
an allusion to Propositions X.2 and X.3 of the Elements, in which Euclid had
used anthyphairesis as a criterion for the incommensurability of two
magnitudes, and for finding the greatest common measure of two
commensurable magnitudes.

In the following definitions, Mahani explains that the ratio between every pair
of magnitudes is a certain state that occurs to each magnitude when measured
by the other, and characterizes this state by means of the anthyphairetic
process; accordingly two ratios will be equal, if this process, when applied to
each pair of magnitudes, unfolds in the same manner. He then defines greater
ratio, also by means of anthyphairesis (Resala fi’l-moskel, ed. and tr.
Vahabzadeh, 2002, pp. 31-3).

Then follow three propositions, in which he proves that his definitions of
equal and greater ratio are equivalent to Euclid’s Definitions V.5 and V.7,
respectively; in the fourth and last proposition, he explains how to find the
equimultiples mentioned in Definition V.7, assuming that one ratio is greater
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than the other according to the anthyphairetic definition (Resala fi’l-moskel,
ed. and tr. Vahabzadeh, pp. 33-40).

The Commentary on book X of Euclid’s Elements. Euclid had first introduced
the concept of irrationality in book X of the Elements. The main purpose of the
book was to distinguish two kinds of magnitudes, namely, those that are
expressible and those that are irrational, and to provide a rigorous
classification of thirteen species of irrational lines (Euclide d’Alexandrie, III,
pp. 11, 51-52). After having defined the notions of commensurability and
incommensurability, he distinguished two kinds of lines (the lines considered
in book X are always finite straight lines). First he took an assigned line,
which he called “expressible” (“rational” in Heath’s tr.). He called
“expressible” those lines that are either commensurable with the assigned
line, or whose square is commensurable with the square of the assigned line,
and called the other lines “irrational” (Euclide d’Alexandrie, III, pp. 25-42;
Heath, III, p. 10). Then followed 115 propositions, most of which were devoted
to the construction and distinction of the thirteen species of irrational lines
(these are, in modern notation, of the form vv(ab), va+vb, vVa+vvb, V(a+Vvh),
V(Vazh), and v(Va+vb)), where a and b are commensurable with the assigned
line and verify certain specific conditions.

Mahani’s aim in his commentary is to define the species of surd (i.e.,
irrational) lines and expressible lines, and to differentiate them. He begins by
distinguishing between expressible lines and surds:

The lines when uttered have two meanings. Either they are expressible,
as when we say ‘ten,” ‘twelve,” ‘three-and-a-half,” ‘six-one-third,” and
likewise all the lines whose magnitude can be uttered and whose quantity
can be expressed. Or they cannot be expressed and are called surds, that
is, those lines whose magnitude cannot be uttered and whose quantity
cannot be expressed; as the square roots of numbers that are not squares,
for instance ten, fifteen, and twenty; and as the cube roots of numbers
that are not cubes.” (Tafsir al-magqala, ed. and tr. Ben Miled, 2005, p. 287)

In general, Mahani considers the nth-roots of rational numbers, and what is
obtained by composition (tarkib) and separation (tafsil; i.e., in modern
terminology, by addition and subtraction).

Mahani differs from Euclid in some important respects, notably by
interpreting numerically the lines considered in book X, that is, as rational
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numbers or as the roots of rational numbers. Besides this, he considers the
lines corresponding to the square root of non-square numbers as surds,
whereas Euclid considered them as expressible (e.g., for Mahani v2 is a surd;
whereas for Euclid, v2, or rather the diagonal of a square whose side is the
assigned line, is expressible, since its square is commensurable with the
square of the assigned line (Tafsir al-magqala, ed. and tr. Ben Miled, 2005, p.
287; Elucide d’Alexandrie, II1, p. 39).

Mahani then divides the surds according to genus (men jehat al-jens) into two
species: plane (basit) and solid (jermi). Plane surds are the square roots, the
square roots of square roots, ... (i.e., va, vVa, ...), and what is obtained by
composition and separation (e.g., Vvatvh, vVa+vvb, a+vh, a+Vvb, ...). Solid surd
lines are the cube roots, the cube roots of square roots, the cube roots of cube
roots, ... (i.e., the nth-roots of rational numbers where n = 3, 3.2, 3>, ...), and
what is obtained by composition and separation (Tafsir al-magqala, ed. and tr.
Ben Miled, 2005, p. 287).

Surds can also be divided according to quality (men jehat al-sefat) into two
divisions: simple (mofrad) and compounded (morakkab). Simple surds are
those consisting of one term, which is either plane or solid. Compounded
surds are obtained by combining or by separating simples surds, either plane
simple surds or solid simple surds (Tafsir al-maqala, ed. and tr. Ben Miled,
2005, p. 289).

Mahani has thus provided a general and exhaustive classification of all the
species of surd lines. He then restricted his discussion to what Euclid had
mentioned in book X and comment upon it “so that all the species mentioned
by the scholar [i.e., Euclid] may be distinguished clearly by the measure of
number and by calculation” (Tafsir al-maqala, ed. and tr. Ben Miled, 2005, p.
289).

After reminding the reader of the definition of expressible lines (which, as
already mentioned, does not correspond to Euclid’s), Mahani says that surds
are either simple (mofrad) or non-simple. Simple surds are the square roots,
the square roots of square roots, the square roots of square roots of square
roots, ... (e.g. V5, vv10, vVV8, ...). Non-simple surds are divided into two
divisions: joined (mottasel) and separated (monfasel). Joined surds are the
junction (ettesal) of two surd lines, or the junction of a surd line and an
expressible line. Separated surds are the separation (enfesal) of a surd line
from a surd line, or the separation of a surd line from an enunciable line, or
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the separation of an enunciable line from a surd line (Tafsir al-maqala, ed. and
tr. Ben Miled, 2005, pp. 289-91).

He then divides joined lines into two divisions: simple (basit) and compounded
(morakkab). A simple junction is, for instance, the junction of two simple
surds, or the junction of a simple surd with an expressible line. To this division
belong the binomial and the bimedial straight lines mentioned in book X (i.e.,
lines of the form va+vb and vva+vVVvbh, respectively; Matvievskaya, pp. 255,
260). In the only extant manuscript, the treatise stops in the middle of a
sentence and is followed by the words “it is until here that this discourse was
found” (Tafsir al-maqala, ed. and tr. Ben Miled, 2005, p. 291).

The Treatise on the knowledge of the azimuth. We do not know of any edition
or translation of this work; an analysis of its content in German is found in
Paul Luckey’s paper on Islamic mathematics (Luckey, 1948, pp. 500-03;
summary in Sezgin, GAS V, pp. 260-61, and VI, pp. 155-56). In this work
Mahani determines the azimuth of the sun in terms of its declination, its
altitude, and the latitude of the given locality (Rosenfeld, p. 306; Rosenfeld and
Youschkevitch, p. 155).

Lost Works. Ebn al-Nadim and Qefti mention, besides Mahani’s treatise on
ratio, a treatise on the latitudes of stars (Resdla fi ‘orud al-kawakeb) and a
treatise on twenty-six propositions of the first book of Euclid that do not
require at all a reductio ad absurdum (Fi setta wa ‘esrin Saklan men al-maqalat
al-awla men Oqlides allati la yohtdj fi Say’ menha ela’l-kolf), both of which are
lost; they also mention a commentary (Sarh) on the fifth book of Euclid’s
Elements, which may possibly be the same as his treatise (resala) on ratio (Ebn
al-Nadim, ed. Flugel, I, pp. 266, 271; Qefti, ed. Lippert and Miiller, pp. 64, 284.)

Ebrahim b. Senan b. Tabet (296-335/909-46) tells us in his autobiography
(Resala fi wasf al-ma‘ani allati estakrajaha fi’l-handasa wa ‘elm al-nojum) that
Mahani wrote a treatise on the measurement of the parabola, which consisted
of preliminary arithmetical lemmas followed by five (or six) propositions
proven by reductio ad absurdum (Bellosta and Rashed, pp. 18-19). He also
alludes in his treatise on the instruments of shadows (Fi alat al-azlal) to a work
in which Mahani had determined the ascendent by means of the sundial
(Sesiano, p. 406; Bellosta and Rashed, pp. 340-41).

According to an anonymous tract, possibly written by the Persian
mathematician and astronomer Abu Sahl Vijan Kuhi (10th cent.), Mahani
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wrote a commentary on Book II of Archimedes’ treatise On the Sphere and
Cylinder. Mahani, we are told, solved eight of the nine propositions of this
book; but he failed to provide a perfect solution of Proposition 4, because of a
difficult lemma that was needed in its solution. He then tried to solve it by
algebra, and reduced the problem to the resolution of a cubic equation
(Kayyam, pp. 96, 101-02). Khayyam states that it was Mahani’s idea to try to
solve this lemma by means of algebra and that he was led to a cubic equation
which he was unable to solve despite all his efforts (Kayyam, p. 2).

According to the 10th-century astronomer Ahmad b. Abi Sa‘id Heravi, a group
of geometers had recourse to Mahani in order to emend the Sphaerica of
Menelaus (fl. ca. 100). Mahani was able to emend the first book and some
propositions of the second; but he stopped at the tenth proposition of the
second book because of its difficulty and did not go beyond it (Krause, 1936a,
pp. 25-32.)

Edward B. Plooij (1997, p. 4) mentions among Mahani’s works “an explanation
of obscure places in Book 13 [of the Elements].” All sources referred to by him
(i.e., Brockelmann, GAL S I, p. 383; Sarton, 1927, pp. 597-98; Suter, 1900, pp.
26-27; Kapp, 1935, pp. 60-61; Krause, p. 450) were checked, but no mention of
this text could be found; Fuat Sezgin does not mention it either.
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